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We consider the D → 3 limit of Gauss–Bonnet gravity. We find two distinct but similar ver-
sions of the theory and obtain black hole solutions for each. For one theory the solution is an
interesting generalization of the BTZ black hole that does not have constant curvature but whose
thermodynamics is identical. The other theory admits a solution that is asymptotically AdS but
does not approach the BTZ black hole in the limit of small Gauss–Bonnet coupling. We also discuss
the distinction between our solutions and those obtained by taking a D → 3 limit of solutions to
D-dimensional Einstein Gauss–Bonnet gravity. We find that these latter metrics are not solutions
of the theories we consider except for particular constraints on the parameters.
I. INTRODUCTION
Lovelock gravity [1] is the most general theory of grav-
ity built from the metric and Riemann curvature ten-
sor that maintains second-order equations of motion for
the metric. The theory consists of the cosmological and
Einstein–Hilbert terms and introduces new corrections
for each odd spacetime dimension above four. The first
new such correction is the Gauss–Bonnet term
G = RabcdRabcd − 4RabRab +R2 , (1)
which is active in five or more dimensions. Importantly,
these new contributions are either topological or identi-
cally zero for D < 5, singling out Einstein’s theory as
the most general second-order metric theory of gravity
in four dimensions.
Recently there has been considerable interest gener-
ated by a proposal [2] of how to circumvent Lovelock’s
theorem. The idea is to treat the spacetime dimension
as a parameter of the theory and rescale the Lovelock
coupling constant according to
(D − 4)α→ α , (2)
while taking the D → 4 limit so as to obtain a nontrivial
result in four dimensions. The idea as originally pro-
posed suggested that solutions to the four-dimensional
theory be constructed as limits of higher-dimensional so-
lutions. In this way a number of enhanced symmetry
D = 4 metrics were obtained, each carrying an imprint of
higher-curvature corrections inherited from their higher-
dimensional counterparts. These include spherical black
holes [2–6], cosmological solutions [2, 7, 8], star-like solu-
tions [9], radiating solutions [10], collapsing solutions [11]
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all for Gauss–Bonnet gravity, with extensions to more
higher-curvature Lovelock theories [12–14]. There are
already a number of studies of the thermodynamic be-
haviour [15–21] and physical properties [22–35] of these
objects.
Subsequent work has called into question some aspects
of this program [36–42]. For example, in [36] it was
demonstrated that no purely geometric object exists that
could serve as the field equations for the limiting theory,
while [38, 39] focused on more complicated cosmologi-
cal and Taub-NUT solutions, showing that the D → 4
limit of solutions is not unique – there are many ways
by which a four-dimensional metric can be extended to
higher dimensions and the limiting form of the solutions
can retain information about the character of the extra
dimensions. Perhaps most convincing is the argument
in [41] which shows that in four dimensions there are
no other tree-level graviton scattering amplitudes than
those of the Einstein gravity. Taken in unison, these re-
sults suggest that the program as originally proposed is
problematic.
However, these issues can be circumvented by consider-
ing more careful limits of the higher-dimensional theory
itself. Lu¨ and Pang [43] (see also [8]) used a Kaluza–
Klein-like procedure to generate a four-dimensional limit
of Gauss–Bonnet gravity by compactifying the higher-
dimensional theory on a maximally symmetric space fol-
lowed by taking the limit where the dimension of this
space vanishes. Subsequently [38, 44] considered an alter-
native proposal – a generalization of the technique used
nearly 30 years ago by Mann and Ross to obtain a D → 2
limit of general relativity [45] – to obtain aD → 4 limit of
Gauss–Bonnet gravity. This approach has the advantage
that it makes no assumptions regarding the character of
the extra dimensions. Remarkably, the two approaches
2converge to the same limiting theory:1
S =
∫
dDx
√−g
[
R− 2Λ + α
(
φG + 4Gab∂aφ∂bφ
−4(∂φ)2φ+ 2((∇φ)2)2
)]
. (4)
The action (4) can reasonably be considered the clos-
est thing to Gauss–Bonnet gravity that exists in four-
dimensions. The theory possesses an additional scalar
degree of freedom and is a special case of Horndeski the-
ory [46] (see [47] for a construction of conserved currents
in these theories). The naive D → 4 limit of the higher-
dimensional spherically symmetric black hole solution to
Gauss–Bonnet gravity is also a solution of this theory for
a particular scalar configuration,2 though it is not the
most general solution. The structure of more compli-
cated solutions such as Taub-NUT are more subtle and
do not coincide with the limits of higher-dimensional so-
lutions [38].
While much attention has been directed towards un-
derstanding the four-dimensional limit of Gauss–Bonnet
gravity, there is no a priori reason to exclude limits
to lower dimensions. The theory defined by (4) is not
restricted to four dimensions, but can be studied also
in lower dimensions. On the other hand, it is possible
to consider alternatives to (4) obtained as limits of the
Gauss–Bonnet term valid in three-dimensions or lower.
It is our purpose here to study (4) and its possible al-
ternatives in three dimensions. Gravity in lower dimen-
sions has been a source of theoretical inspiration for many
years due to its comparative simplicity. There is perhaps
no better example of this than the well-known BTZ black
hole [48] which is a solution of Einstein’s theory in three
spacetime dimensions. The BTZ black hole has served as
playground where many problems intractable in higher-
dimensions can be solved [49–52], and there have been
numerous studies of its generalizations in modified grav-
ities [53–56]. We start by considering to what extent the
theory (4) admits generalizations of the BTZ black hole.
1 Strictly speaking, this equivalence holds only when the internal
space used in the Kaluza-Klein reduction is flat. Reducing on
more complicated internal spaces generates the following addi-
tional terms in the action:
Sλ =
∫
dDx
√−g
(
−2λRe−2φ − 12λ(∂φ)2e−2φ − 6λ2e−4φ
)
, (3)
where λ is the curvature of the (maximally symmetric) internal
space.
2 The same remains true in the presence of Maxwell field, adding
SM =
∫
dDx
√−gLM , LM = −F = −FabF ab (5)
to (4), upon which one recovers the charged-GB black hole [4].
II. GAUSS–BONNET BTZ BLACK HOLES
There is no logical obstruction to setting D = 3 in the
action (4) to obtain a D = 3 version of Gauss–Bonnet
gravity. In this section we consider this theory, noting
that the quantity G identically vanishes for D = 3.
A. BTZ-like solutions
It is known that all pure metric modified gravities ad-
mit the BTZ black hole as a solution [57]. Here we point
out that the same is true in the theory (4). Consider the
following BTZ ansatz:
ds2 = −fdt2 + dr
2
fh
+ r2
(
dϕ− J
2r2
dt
)2
, (6)
where metric functions f = f(r) and h = h(r) and the
solution is supported by the scalar field φ = φ(r), and J
is a constant. When inserted in the action (4) (together
with (3)), one obtains an effective Lagrangian that has
to be varied w.r.t. f, h, φ, yielding 3 equations of motion.
In particular, focusing on the BTZ solutions that satisfy
the condition h = 1, the equation coming from δf reads
α
[
φ′2J2+4r3(φ′2+φ′′)(frφ′2−fφ′−λre−2φ)
]
= 0 . (7)
A simple solution of (7) is obtained by setting
φ =const. Of course, for λ = 0 one then recovers the
standard BTZ black hole [48] with
f = −m+ r
2
ℓ2
+
J2
4r2
, Λ = − 1
ℓ2
. (8)
For λ 6= 0, the situation is slightly more complicated.
Setting φ = 0 for simplicity we find that
f = −m+ λr2 + J
2
4r2
(9)
solves the remaining equations, provided the following
constraint is satisfied:
λ+ αλ2 + Λ = 0 . (10)
This is just the constraint determining the embedding of
maximally symmetric spaces in the theory when φ = 0.
B. Novel black holes
Apart from the BTZ metric (6), there exist other types
of black hole solutions to the equations of motion of (4)
with D = 3 that have a non-trivial scalar field profile.
To demonstrate this, we begin by considering the static
case, J = 0, and take λ = 0. Eq. (7) then simplifies to
(φ′2+φ′′)(rφ′−1) = 0, and admits the following solution:
φ = ln(r/l) , (11)
3where l is an integration constant, upon which the space-
time will no longer be of constant curvature. The equa-
tion coming from δφ is then identically satisfied, while
that from δh yields
2αrff ′ + r3f ′ − 2αf2 + 2Λr4 = 0 , (12)
which is integrable and has the solution
f± = − r
2
2α
(
1±
√
1 +
4α
r2
(
r2
ℓ2
−m
))
, (13)
with m a constant of integration.
Only the f− branch of the above admits a well-defined
limit as α→ 0:
f− =
r2
ℓ2
−m− α
r2
(r2
ℓ2
−m
)2
+O(α2) , (14)
and obviously reproduces the standard BTZ solution in
the limit of small α. At large distances the metric be-
haves as
f =
r2
2α
(K− 1)− m
K
+O(1/r2) , K =
√
1 +
4α
ℓ2
, (15)
which yields ℓ2eff = 2α/(K − 1) as the effective cosmolog-
ical constant.
A well-defined black hole solution requires α > −ℓ2/4
since otherwise the metric function terminates at some
finite value of r. When α is negative and in the range
−ℓ2/4 < α < 0 the effective cosmological constant is
smaller than the corresponding one in Einstein gravity,
while it is larger for α > 0. The horizon is located at r+
where
m =
r2+
ℓ2
, (16)
and so, remarkably, coincides with the horizon of a BTZ
black hole of the same mass. When α > 0 the metric ex-
hibits a branch singularity inside the horizon, analogous
to that in higher-dimensional Gauss–Bonnet black holes.
The derivatives of the metric blow up at the branch sin-
gularity, and thus a curvature singularity occurs at this
point. For −ℓ2/4 < α < 0 the metric extends to r = 0,
behaving as
f(r) ∼
√−αmr
α
− r
2
2α
+O(r3) , (17)
which in turn yields a divergence in the Kretschmann
scalar as r → 0:
RabcdR
abcd ∼ − 2m
αr2
+ · · · . (18)
Thus, there exists a curvature singularity at the origin
for this regime of parameter values.
Let us finally note that for the same profile of the scalar
field φ, (11), one can easily integrate the remaining equa-
tions even when λ 6= 0, to recover the following BTZ-like
solution:
f = λl2 +
r2
ℓ2eff
, ℓ2eff =
−1±√1− 4αΛ
2Λ
. (19)
Unfortunately, we were not able to solve for the most gen-
eral solution of (7), which would perhaps give a rotating
generalization of the solution (13).
C. Thermodynamics
To compute the entropy of these black holes we em-
ploy the Iyer-Wald method [58, 59]. While problems in
the application of the Wald method to Horndeski black
holes were identified in [60, 61] (see also [62]), those is-
sues were attributed to the divergence of the scalar on the
black hole horizon. In the cases we consider here no such
pathology occurs, and the familiar Wald method can be
applied.
To compute the Wald entropy, we first note that
16πP cdab ≡
∂L
∂Rabcd
(20)
=
[
1− 2α(∂φ)2 − 2λαe−2φ] δ[c[aδd]b] + 4αδ[c[a∇b]φ∇d]φ ,
where a contribution from the Gauss–Bonnet term is
absent since G vanishes identically in three dimensions.
Note also that here we have introduced a factor of 16π,
putting Einstein–Hilbert term in canonical form so that
the Wald entropy associated to it will be A/4.
The Wald entropy is obtained by integrating P cdab over
the bifurcation surface of the black hole:
S = −2π
∫
H
dD−2x
√
γ
[
P cdab ǫˆ
abǫˆcd
]
, (21)
where ǫˆab is the binormal to the horizon normalized so
that ǫˆabǫˆ
ab = −2. In the present case we have ǫˆab =
2t[arb] where ta and ra are the respective components of
the one-forms dt and dr. A simple computation shows
that P cdab ǫˆ
abǫˆcd =
1
4
[
1− 2α
r2
(∂ϕφ)
2 − 2αλe−2φ]. We thus
find (for scalars independent of ϕ )
S =
πr+
2
[
1− 2λαe−2φ
]
, (22)
where in this expression it is to be understood that the
fields are evaluated on the horizon. Eq. (22) is valid pro-
vided the scalar configuration is regular on the horizon.
Let us come first to the thermodynamics of the BTZ-
like solution (8). In the case λ = 0, the thermodynamics
is identical to that of the familiar BTZ black hole in Ein-
stein gravity:
M =
m
8
=
r2+
8ℓ2
+
J2
32r2+
, T =
f ′
4π
=
r+
2πℓ2
− J
2
8πr3+
,
S =
πr+
2
, P =
1
8πℓ2
, V = πr2+ , Ω =
J
16r2+
. (23)
We do not discuss in detail here the thermodynamics of
the λ 6= 0, φ = 0 solution as this is purely the embedding
of the usual BTZ black hole into the theory. Instead, we
focus on the thermodynamics of the novel solution (13)
constructed in the previous section.
4Turning to the thermodynamics of (13), we find
M =
m
8
=
r2+
8ℓ2
, T =
f ′
4π
=
r+
2πℓ2
, S =
πr+
2
,
P =
1
8πℓ2
, V = πr2+ , ψα = 0 , (24)
which is identical to that of the familiar BTZ black hole
in Einstein gravity, albeit with the additional potential
ψα. This is quite intriguing – even though the curvature
is not constant, the thermodynamic parameters are the
same for any value of α. We also obtain
δM = TδS + V δP + ψαδα , 0 = TS − 2PV + 2ψαα ,
(25)
which are the standard Smarr and first law relations.
It is known that the thermodynamic properties of
higher-dimensional Lovelock black branes are identical
to those of black branes in Einstein gravity [63, 64]. The
observations here are consistent with this property, albeit
now extended to lower dimensions.
D. Other solutions
It is interesting to note that the solution (13) coincides
(upon setting α→ −α) with the κ = 0 metric derived in
[65] by taking the D → 3 limit of the higher-dimensional
Gauss–Bonnet solution:
fǫf = κ−
r2
2α
(
1+ǫf
√
1− 4αΛ− 4α(κ− Λr
2
+)
r2
+
4α2κ2
r2r2+
)
,
(26)
where ǫf = ± and κ = −1, 0,+1. It is natural to probe
whether the κ = ±1 metrics are also solutions of the
theory (4).
To test this, we consider λ 6= 0 and expand the the-
ory (4) to include (3). We find that demanding Eq. (26)
solves the field equations forces
φ(r) =
1
2
ln
[
C1r
2 + 2C2
]
, κ =
(1±√1− 4αΛ)r2+
2α
,
(27)
where
C1 = −2αλ
κr2+
, C2 = − ǫfαλ
(1 +
√
1− 4αΛ) . (28)
However, irrespective of the further constraints required
to make κ = ±1, with these constraints above the metric
reduces essentially to the BTZ geometry:
f = −λ
( r2
2C2
+
1
C1
)
. (29)
Notwithstanding the parameter restrictions required to
make this a black hole, note that the scalar diverges on
the horizon and thus we cannot analyze the thermody-
namics according to the usual Wald prescription.
The upshot of this is that the metric functions (26)
with κ = ±1 are not solutions of the theory (4) with cur-
vature corrections (3) except in the limiting cases where
the couplings are constrained so that (26) reduces to the
BTZ metric. We emphasize that this does not mean that
those metrics are not solutions of some lower-dimensional
limit of Gauss–Bonnet gravity, but rather that they are
not solutions to the (arguably) simplest theory (4). In
the remainder of this paper we consider alternate limits
of Gauss–Bonnet gravity to lower dimensions and explore
these limiting theories for simple solutions.
III. OTHER D → 3 LIMITS OF GAUSS–BONNET
GRAVITY
There are two methods by which the theory (4) can
be obtained. One is via a dimensional reduction pre-
scription where a D-dimensional theory is reduced on a
(D−p)-dimensional maximally symmetric internal space
followed by the limit D → p [43]. This leads to the ac-
tion (4) with curvature correction (3). Here p refers to
the dimensionality of the action after dimensional reduc-
tion. Thus, (4) can be regarded as a D → 4 limit of
Gauss–Bonnet gravity (with p = 4) or a D → 3 limit of
Gauss–Bonnet gravity (with p = 3).
As shown recently [38, 44], the D = 4 Gauss–Bonnet
gravity (4) can be also obtained without dimensional re-
duction. The method is a generalization of one applied
many years ago [45] to obtain a D → 2 limit of General
Relativity. The essence of this prescription is as follows.
One starts with the action — or part of the action —
of interest and conformally transforms it. The trans-
formed action is then expanded around the spacetime
dimension of interest, and counterterms are added to the
action to eliminate total derivative terms. The procedure
concludes with a rescaling of the couplings and the limit
is taken to the spacetime dimension of interest. This pro-
cedure applied to Gauss–Bonnet gravity as D → 4 yields
the action (4) [38, 44].
Here we apply the same approach to obtain a direct
D → 3 limit of Gauss–Bonnet gravity. Consider
SGBD = α
(∫
dDx
√
−g˜G˜ −
∫
dDx
√−geφG
)
, (30)
where the tilde quantities correspond to the conformally
rescaled metric
g˜ab = e
−2φgab , (31)
and the second term identically vanishes in D < 4 di-
mensions. By expanding (30) using formulae in App. A,
and rescaling the Gauss–Bonnet coupling as
(D − 3)α→ α , (32)
we find a finite action SG3 = limD→3 S
GB
D , given by
SG3 = α
∫
d3x
√−geφ
[
−4Gab∂aφ∂bφ+2(∂φ)2φ
]
. (33)
5If we had instead applied the conformal trick to the full
action, including also the Einstein–Hilbert term, then we
would have arrived at the following result:
S
(1)
3 =
∫
d3x
√−ge−φ
[
R+2(∂φ)2−2Λe−2φ
]
+SG3 . (34)
If the conformal transformation is then undone by setting
gab → exp(2φ)gab, followed by the transformation φ →
−φ and α → −α the action (34) then reduces precisely
back to (4). This result is quite interesting as it suggests
an element of universality to the lower dimensional limit
of Gauss–Bonnet gravity.
A theory similar to (33) can be obtained also via the
Kaluza-Klein approach [43]. This time, one considers
a dimensional reduction on a (D − p)-dimensional flat
space, rescales the Gauss–Bonnet coupling according to
(D− p− 1)α→ α, and takes the limit D → p+1. Thus,
setting p = 3, one obtains3 [43]
S
(2)
3 =
∫
d3x
√−geφ(R− 2Λ) + SG3 . (35)
The Gauss–Bonnet portion of the action is the same
in each case, but the treatment of the Einstein–Hilbert
terms in actions (35) and (34) differ between the two ap-
proaches. That is, the Einstein frame of (35) does not
coincide with the theory (4) but includes an additional
kinetic term in the Einstein–Hilbert part of the action.
Nonetheless, it is remarkable that the limiting forms of
the Gauss–Bonnet density is identical between the two
approaches. We emphasize the considerable difference
between the two methods. From the perspective of the
conformal trick (33) is the D → 3 limit of Gauss–Bonnet
gravity, while from the Kaluza-Klein perspective this is
obtained as a D → 4 limit of Gauss–Bonnet gravity di-
mensionally reduced on a one-dimensional space.
We find that the theory (35) admits exotic black hole
solutions. For static solutions we obtain
r3(φ′′ + φ′2)(2αfrφ′2 − 4αfφ′ + r) = 0 , (36)
which replaces (7), while we do not present the remaining
equations here. The full equations admit the following
special solution:
f± =
r2
2α
(
1±
√
1 +
4
3
αΛ +
4αζ
r3
)
, (37)
φ = ln(r/l) ,
(38)
where ζ and l are constants of integration. This solution
is qualitatively distinct from (13). Indeed, the f− branch
has a well-defined α→ 0 limit,
f− =
r2
3ℓ2
− ζ
r
+O(α) , (39)
3 This theory is possibly supplemented by internal space curvature
terms, see Eq. (11) in [43].
but does not approach the BTZ solution. The metric
function (37) describes a black hole whose horizon is lo-
cated at r+, where
ζ =
r3+
3ℓ2
. (40)
The thermodynamics of this solution is complicated by a
number of factors, including for example that it is a solu-
tion in the string frame rather than the Einstein frame.
For these reasons we leave a full analysis of its properties
for future work.
IV. CONCLUSIONS
We have considered limits of Gauss–Bonnet gravity
to three dimensions and constructed simple solutions to
these theories that extend the familiar BTZ black hole of
Einstein gravity.
The limits of Gauss–Bonnet gravity we have consid-
ered are obtained via two techniques. The first, used by
Lu¨ and Pang [43], is a modification of Kaluza-Klein re-
duction. The second, used first by Mann and Ross [45],
involves first conformally transforming the term of in-
terest followed by coupling rescalings and the addition
of counterterms to eliminate total derivatives. The final
limits obtained for the Gauss–Bonnet term turns out to
be identical in the two approaches (provided a flat in-
ternal space is used in the Kaluza-Klein case). In fact,
the limit of this term is nothing more than a conformal
transformation applied to the action (4). However, the
contribution of the Einstein–Hilbert term to the limiting
theory differs between the two approaches and, moreover,
the conceptual framework applied in each case is con-
siderably different. Nonetheless, the fact that the two
approaches yield the same result for the Gauss-Bonnet
contribution is a point that we believe deserves further
thought.
Let us note that an alternative “holographic” D → 3
limit of the Gauss-Bonnet term as recently been stud-
ied in [66], leading to purely geometric three-dimensional
theories. The connection between this approach and
those considered here remains to be explored.
By exploring solutions of the limiting theories we
have shown that the metrics obtained via the naive
D → 3 limit of higher-dimensional Gauss–Bonnet grav-
ity are solutions to the limiting theory only in special
cases. Namely, the naive limit of higher-dimensional
black branes considered in [65] remain solutions, while
the limit of black hole metrics with curved horizons are
no longer solutions. We leave open the possibility that
these metrics could be solutions to some modification of
the theories we have considered here, or solutions with
far more complicated (e.g. time dependent) scalar pro-
files, but it is not clear what those modifications would
be or how they would be motivated.
This last observation raises important points for fu-
ture consideration. A remarkable fact is that the naive
6D → 4 limit of higher-dimensional static black hole met-
rics remain solutions to the theory (4) irrespective of their
horizon topology. The fact that this is no longer generi-
cally true for D = 3 raises the question of what happens
to higher-order Lovelock terms in four-dimensions. That
is, is the problem we have observed particular to three
dimensions, or is it a general feature for the limit of nth-
order Lovelock gravity in D ≤ 2n− 1 dimensions?
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Appendix A: Conformal transformations
Consider the following conformal transformation in D
dimensions:
g˜ab = e
ψgab . (A1)
Then we find the following transformations for the Rie-
mann tensor and its contractions:
R˜abcd =e
ψ
(
Rabcd +
1
4
gbdψ;aψ;c −
1
4
gadψ;bψ;c −
1
2
gbdψ;ac
+
1
2
gadψ;bc −
1
4
gbcψ;aψ;d +
1
4
gacψ;bψ;d +
1
2
gbcψ;ad
− 1
2
gacψ;bd +
1
4
gadgbcψ;eψ
e
; −
1
4
gacgbdψ;eψ
e
;
)
,
(A2)
R˜ab =Rab +
D − 2
4
ψ;aψ;b − D − 2
4
gab(∂ψ)
2
− D − 2
2
ψ;ab − 1
2
gabψ , (A3)
R˜ =e−ψ
(
R− (D − 2)(D − 1)
4
(∂ψ)2 − (D − 1)ψ
)
,
(A4)
and the Gauss–Bonnet invariant
G˜ =e−2ψ
(
G − 1
2
(D − 4)(D − 3)R(∂ψ)2 − 2(D − 3)Rabψ a; ψ b;
+
1
16
(D − 4)(D − 3)(D − 2)(D − 1)((∂ψ)2)2
− 2(D − 3)Rψ + 1
2
(D − 3)2(D − 2)(∂ψ)2ψ
+ (D − 3)(D − 2)(ψ)2 + 4(D − 3)Rabψ ab;
+ (D − 3)(D − 2)ψ;aψ;bψ ab; − (D − 3)(D − 2)ψ;abψ ab;
)
.
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